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Abstract
Let  be a torsion-free virtually polycyclic group. For any 3nitely generated group G, we show
that there exists a torsion-free virtually polycyclic group 5G and an epimorphism  :G → 5G such
that for any homomorphism ’ :G → , it factors through 5G, i.e., there exists a homomorphism
5’ : 5G →  such that ’= 5’◦ . As an application, we give necessary and su8cient conditions for
N (f; g)=R(f; g) to hold for maps f; g :X → Y between closed orientable n-manifolds where
Y is an infrasolvmanifold, N (f; g) and R(f; g) denote the Nielsen and Reidemeister coincidence
numbers, respectively. c© 2002 Elsevier Science B.V. All rights reserved.
MSC: Primary 20E10; secondary 55M20
1. Introduction
Every abelian group  has the universal property that for any group G, every homo-
morphism ’ :G →  factors into ’= 5’ ◦  where  :G → 5G=G=[G;G] is the abelian-
ization and 5’ : 5G →  depends only on ’. This factorization has been generalized for
3nitely generated torsion-free nilpotent groups in [4] and for strongly polycyclic groups
in [3]. In both generalizations, the group 5G has the property that ci( 5G)6 ci() for i=1
in [4] and for i=2 in [3] where ci(H) denotes the nilpotency class and the derived
length, respectively, of a group H . As an application of this factorization result, we
were able to give conditions for which the Nielsen coincidence number N (f; g) coin-
cides with the Reidemeister coincidence number R(f; g) for two maps f; g :X → Y
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between two orientable n-manifolds where either Y is a solvmanifold or both X and
Y are infrasolvmanifolds.
The purpose of this paper is to extend the factorization result for virtually polycyclic
groups with an application to Nielsen coincidence theory of maps into infrasolvmani-
folds.
2. Universal factorization property
The notion of a (Serre) class of abelian groups was 3rst introduced by Serre [10].
Hilton and Roitberg [6] later generalized it, for topological applications, to the notion
of a generalized Serre class of nilpotent groups. Subsequently, this notion was further
generalized in [2] as follows. A family C of groups is called a class if for any short
exact sequence 1 → A → B → C → 1, A; C ∈C if and only if B∈C. Many of
the standard theorems in algebraic topology remain valid for C-nilpotent spaces and
this notion of C-nilpotency has been successfully employed in coincidence theory [3].
We should point out that the family of 3nitely generated nilpotent groups N is a
generalized Serre class in the sense of Hilton and Roitberg (see [7] or [6]) but not a
class under this more general de3nition. On the other hand, if C is a class and N is
the category of nilpotent groups then C ∩ N is a generalized Serre class of nilpotent
groups.
Given a class S, a group S ∈S is said to have the (3nitely generated) universal
factorization property (UFP) with respect to S if for any (3nitely generated) group G,
there exist a 5G ∈S and an epimorphism G :G → 5G such that every homomorphism
’ :G → S can be factored into ’= 5’◦G for some homomorphism 5’ : 5G → S. If every
S ∈S has the (3nitely generated) UFP then we say that S is a (3nitely generated)
UFP class.
Example 2.1. The class of 3nite abelian groups A is a UFP class.
Example 2.2. Since subgroups and factor groups of polycyclic groups are also poly-
cyclic, it follows that the family of polycyclic groups P is a class. Moreover, polycyclic
groups satisfy the maximal conditions on subgroups such that subgroups of polycyclic
groups are 3nitely generated. Following the proof of the factorization result of [4] for
strongly polycyclic groups, we conclude that P is indeed a UFP class.
Given two classes A and C of groups, let B denote the family of all extensions B
of the form
1→ A→ B → C → 1;
where A∈A and C ∈C.
Proposition 2.3. The family B is a class of groups.
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Proof. Let
1→ B1 i→B2 p→B3 → 1
be a short exact sequence of groups.
Suppose B2 ∈B, i.e., there exist A2 ∈A; C2 ∈C such that
1→ A2 j2→B2 p2→C2 → 1
is exact. Let A3 =p(j2(A2)). It is easy to check that A3 is normal in B3. Now let
C3 =B3=A3 and A1 = ker(p ◦ j2). Again, j2(A1) is normal in B1 so that C1 =B1=j2(A1)
is a well-de3ned group. Moreover, we obtain the following diagram in which each
square is commutative, each row and each column is exact:
1 1 1









1 −→ A1 −→ A2 −→ A3 −→ 1
j2


 j2






1 −→ B1 i−→ B2 p−→ B3 −→ 1








1 −→ C1 −→ C2 −→ C3 −→ 1








1 1 1
(2.1)
Since A2 ∈A and C2 ∈C, it follows that A1; A3 ∈A and C1; C3 ∈C and hence
B1; B3 ∈B.
Conversely, if B1; B3 ∈B such that
1→ A1 i1→B1 → C1 → 1
and
1→ A3 → B3 → C3 → 1
are exact for some A1; A3 ∈A and C1; C3 ∈C, then
1→ A1 i◦i1−→A2 =p−1(A2)→ A3 → 1
is exact with A2 / B2. Moreover,
1→ C1 5i→C2 =B2=A2 5p→C3 → 1
is also exact where 5i and 5p are induced by i and p. Thus, A2 ∈A, C2 ∈C and hence
B2 ∈B.
It is now justi3ed to call B the extension class of A by C.
Next, we show that the universal factorization property is preserved under group
extension.
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Theorem 2.4. Let A and C be two UFP classes and B the extension class of A by
C. Then; B is also a UFP class. Moreover; if C is =nitely generated then so is B.
Proof. Consider the following short exact sequence:
1→ A→ B → C → 1;
where A∈A; C ∈C and thus B∈B.
Let G be a group. Since C is a UFP class, there exist 5C ∈C and an epimorphism
 :G → 5C such that for any ’ :G → B, the composite p ◦ ’ factors through 5C. Then
the restriction ’|ker  maps ker  to A. Since A is a UFP class, there exist Aˆ∈A and
an epimorphism q : ker  → Aˆ such that ’|ker  =  ◦ q for some  : Aˆ → A. Let N be
the normal closure of ker q in G. In other words, N is the minimal normal subgroup
in G containing ker q.
Now, we let 5A= Aˆ=(N=ker q) and 5G=G=N . It is straightforward to verify that
1→ 5A→ 5G → 5C → 1
is exact. Moreover, since ’(ker q)= 1, it follows that ker q ⊂ ker’ and that N ⊂ ker’,
by the minimality of N . Thus, it induces a homomorphism 5’ : 5G → B and ’= 5’ ◦ 
where  :G → 5G is the canonical projection.
When the given G is 3nitely generated, we only require C to be a 3nitely generated
UFP class.
3. Virtually polycyclic and C-nilpotent groups
It is well-known [1] that the family of 3nitely generated torsion-free virtually poly-
cyclic groups is in one-to-one correspondence with the family of compact infra-
solvmanifolds, which, in particular, include the family of almost-Mat and Mat Riemannian
manifolds. In this section, we show that the family of 3nitely generated virtually poly-
cyclic groups forms a class and in fact is a UFP class. We also discuss the universal
factorization property for extensions of or extensions by nilpotent groups. These will
be applied in the next section for topological coincidence theory of maps into infra-
solvmanifolds and infranilman3olds.
A word w is said to be a law in a group G if the only possible value of w in G is 1.
Let W be a set of words. The verbal subgroup W(G) of a group G is the subgroup
generated by all values in G of the words of W. Thus, the words w∈W are laws in
G if and only if W(G)= 1. The variety generated by the group G, denoted by var(G),
is the set of all groups satisfying each of the laws in G.
We now present the factorization result for 3nite groups, using some of the main
ingredients in the proof of the deep result of Oates and Powell concerning varieties of
3nite groups (see [9]).
Lemma 3.1. Let F be a =nite group. For any group ; let ′ be the normal subgroup
generated by the set of words W which de=ne the laws of F and 5= =′. If 5 is
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=nitely generated then it is =nite and for every homomorphism ’ : → F there is a
homomorphism 5’ : 5 → F such that ’= 5’ ◦  where  : → 5 is the projection. In
particular; the class F of =nite groups is a =nitely generated UFP class.
Proof. Observe that for any w∈W; w( 5)= 1 and thus 5∈ var(F), the variety gener-
ated by the group F . Let C(e; m; c) denote the class of all groups with exponent e,
whose chief factors are of order at most m, and whose nilpotent factors have nilpo-
tency class at most c. Since 5 is 3nitely generated and var(F) ⊂ C(e; m; c) for some
e; m; and c, it follows from Lemma 52:22 of [9] that 5 is in fact 3nite. Moreover, if
’ : → F is a homomorphism then ’(w( 1; : : : ;  n))=w(’( 1; : : : ; ’( n))= 1 for any
w∈W. Therefore, ′ ⊂ ker’ and ’ factors through 5. Clearly, 5 is 3nitely generated
if  is assumed to be 3nitely generated.
Remark 3.1. In the case where  is 3nitely generated, Lemma 3.1 can be proved
using the following elementary argument due to D. McCarthy. Since F is 3nite and 
has a 3nite set of generators, there are only 3nite number of group homomorphisms
from  to F . The intersection K of all kernels of these homomorphisms is a normal
subgroup of 3nite index in . Then the factor group =K is the desired 3nite group
5. In fact, =K is 3nite if and only if there exist only 3nitely many homomorphisms
from  to F .
As a consequence of Theorem 2.4 and Lemma 3.1, we have the following:
Corollary 3.2. The extension class of P by F; namely; the family of virtually poly-
cyclic groups; is a =nitely generated UFP class.
In fact, we obtain a stronger result as follows.
Theorem 3.3. Let 1 → N → G → Q → 1 be an extension of groups where G is
torsion-free; N (strongly) polycyclic and Q =nite. Suppose  is a =nitely generated
group. Then there exists an extension 1→ 5N → 5 → 5Q → 1 where 5 is =nitely gen-
erated torsion-free; 5N (strongly) polycyclic; 5Q =nite and an epimorphism  : → 5
with c2( 5N )6 c2(N ) such that for every homomorphism ’ : → G there is a homo-
morphism 5’ : 5 → G such that ’= 5’ ◦ .
Proof. Let VP denote the family of virtually polycyclic groups. By Corollary 3.2,
VP is the extension class of P by F and there exist ˆ∈VP and a short exact
sequence
1→ Nˆ → ˆ → Qˆ → 1
such that Nˆ ∈P; Qˆ∈F and there is an epimorphism ˆ : → ˆ such that every homo-
morphism  → G factors through ˆ. Let Tˆ ⊂ ˆ be the normal closure of the torsion
elements of ˆ. Without loss of generality, we may assume that the map Nˆ → ˆ is
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the inclusion so that Nˆ is a normal subgroup of ˆ. Let 5N = Nˆ =Nˆ ∩ Tˆ , 5= ˆ=Tˆ and
5Q= 5= 5N . Then,
1→ 5N → 5 → 5Q → 1
is exact; 5∈VP and 5N ∈P are both torsion-free; and 5Q∈F. Since G is torsion-free,
every homomorphism ’ˆ : ˆ → G must factor through 5. Hence every ’ : → G factors
through 5 where  → 5 is the composite of ˆ with the projection ˆ → ˆ=Tˆ . The group
5 is 3nitely generated since both 5N and 5Q are. The fact that c2( 5N )6 c2(N ) follows
from [4]. If N is strongly polycyclic, then so is 5N by Lemma 3.1 of [4].
Since the family of nilpotent groups is not a class of groups, extensions of or
extensions by nilpotent groups would therefore not form a class of groups. Nevertheless,
our techniques are su8cient to show the universal factorization property for these
families of groups.
Theorem 3.4. Let 1→ N → G → Q → 1 and  be as in Theorem 3:3. If N is nilpo-
tent then the assertion of Theorem 3:3 holds with 5N also nilpotent and c1( 5N )6 c1(N ).
Proof. It has been shown in [5] that 3nitely generated torsion-free nilpotent groups
possess the universal factorization property. Thus, the 5N in Theorem 3.3 can be taken
to be nilpotent. The inequality c1( 5N )6 c1(N ) follows from Lemma 2 of [5].
Let C be a class of groups. A group G is C-nilpotent if $k(G)∈C for some integer
k where $i(G) denotes the ith term of the lower central series of G with $0(G)=G.
If G is C-nilpotent, then the C-nilpotentcy class of G, denoted by cC(G) is de3ned to
be the least integer k such that $k(G)∈C.
Theorem 3.5. Let C be a (=nitely generated) UFP class and G a C-nilpotent group.
For any (=nitely generated) group ; there exist a C-nilpotent group 5 and an epi-
morphism  : → 5 such that for every homomorphism ’ : → G there is a homo-
morphism 5’ : 5 → G with ’= 5’ ◦ . Moreover; cC( 5)6 cC(G).
Proof. Consider the short exact sequence
1→ A= $k(G)→ G p→N =G=$k(G)→ 1; (3.1)
where k = cC(G). Since p($k(G))= $k(G=$k(G)) and p($k(G))= 1, it follows that
G=$k(G) is nilpotent. Furthermore, cC(G)= c1(N ). Conversely, if A∈C, N is nilpotent
and
1→ A→ G &→N → 1
is exact, then &($c(G))= 1 if c= c1(N ). Thus, $c(G) ⊂ ker &=A. Since A∈C and
$c(G) is normal in A, so $c(G)∈C. Thus G is C-nilpotent and cC(G)6 c1(N ). Hence,
the family of C-nilpotent groups is the same as the family of extensions of groups from
C by nilpotent groups.
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Now consider the short exact sequence (3.1) with cC(G)= c1(N ). By [5], there
exist a nilpotent group 5N , an epimorphism  : → 5N such that for any ’ : →
G, we have & ◦ ’= 5’ ◦  for some 5’ : 5N → N with c1( 5N )6 c1(N ). Note that
Theorem 4.2 is still valid if we only assume that the family of factor groups (not
necessarily a class) possesses the universal factorization property. Now it follows from
the proof of Theorem 2.4 that the resulting 5 is an extension of 5A∈C by 5N and hence
C-nilpotent. Since cC( 5)6 c1( 5N )6 c1(N )= cC(G), the assertion follows.
Remark 3.2. It is clear that we can also extend Theorem 2:5 to the family of C-polycyclic
groups which, in fact, is the extension class of C by the class P. Moreover, the notion
of a C-derived length of a C-solvable group is de3ned analogously.
4. Coincidences of maps into infrasolvmanifolds
Let f; g :X → Y be maps between two closed connected orientable n-manifolds with
n¿ 3. Classical Nielsen coincidence theory provides more information on Coin(f; g)=
{x∈X |f(x)= g(x)} than the classical Lefschetz theory. Indeed, the Nielsen number
N (f; g), de3ned as the number of essential coincidence classes, is a sharp lower bound
for |Coin(f; g)| in the homotopy classes of f and g while the nonvanishing of the
Lefschetz number L(f; g) can only guarantee that Coin(f; g) 
= ∅. The notion of a
coincidence class is based on the Reidemeister action of 1(X ) on 1(Y ). In the case
where Y is a nilmanifold, it was shown in [5] that L(f; g)= 0 ⇒ N (f; g)= 0 or
L(f; g) 
=0⇒ N (f; g)=R(f; g) where R(f; g), the Reidemeister coincidence number,
is the number of coincidence classes. The approach of [5] relied on a factorization
theorem of maps into nilmanifolds and a certain residual property of nilpotent groups.
Further extensions were given in [4], giving necessary and su8cient conditions for the
equality N (f; g)=R(f; g) to hold when Y is a solvmanifold or when both X and Y
are infrasolvmanifolds.
We now give necessary and su8cient conditions for N (f; g)=R(f; g) to be valid.
Since the Nielsen number N (f; g) is always 3nite, we only consider the case when
R(f; g)¡∞.
Theorem 4.1. Let f; g :X → Y be two maps between two closed connected orientable
n-manifolds. Suppose that Y is an infrasolvmanifold and R(f; g)¡∞. Then there
exist =nite covers pX : Xˆ → X; pY : Yˆ → Y and lifts fˆ; gˆ : Xˆ → Yˆ of f; g; respectively;
such that L( fˆ; gˆ) 
=0 for all  ∈CovpY if and only if N (f; g)=R(f; g).
Proof. The proof of Theorem 3:2 of [4] is for the case where Y is a solvmanifold.
By replacing the target manifold by an infrasolvmanifold, the same argument will also
be valid here using the fact that virtually polycyclic groups are residually 3nite with
respect to nests in the sense of [11] so that we are able to separate the Reidemeister
coincidence classes.
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The 3xed point theorem of Lee [8] for infranilmanifolds has been extended to coinci-
dences of two maps between two orientable infrasolvmanifolds in [4]. As an application
of Theorem 4.1, we obtain another generalization of Lee’s result as follows.
Theorem 4.2. Let f; g :X → Y be two maps between two closed connected orientable
n-manifolds. Suppose that Y is an infranilmanifold =nitely covered by a nilmanifold
Y ′. Let f′; g′ :X ′ → Y ′ be lifts of f; g where X ′ is the =nite cover of X induced by
the =nite cover p′ :Y ′ → Y . If L($f′; g′) 
=0 for all $∈Covp′ then there exist =nite
covers pX : Xˆ → X; pY : Yˆ → Y and lifts fˆ; gˆ : Xˆ → Yˆ of f; g; respectively; such that
L( fˆ; gˆ) 
=0 for all  ∈CovpY if and only if N (f; g)=R(f; g).
Proof. The non-vanishing of L($f′; g′) guarantees the 3niteness of R(f; g) by
Theorem 2.4 of [4]. Then the assertion follows from Theorem 4.1.
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